My goal is to prove the Hodge [H] and Tate [T1] conjectures in certain situations where the appropriately defined monodromy group is as large as possible. In particular, that these conjectures hold for an arbitrary power (i.e. self product) of an odd dimensional hypersurface in a toric or flag variety, or for the moduli space U X (n, d) of vector bundles over a smooth projective curve X provided that the monodromy group of the hypersurface or curve is large. Over the field of complex numbers, almost all (in the sense of Baire category) hypersurfaces of a fixed degree of a given variety or curves of a fixed genus will turn out to have a large monodromy group. This yields a proof (not too different from the original) of a theorem of Biswas and Narasimhan [BN] that the Hodge conjecture is valid for U X (n, d) over a general curve. Over a countable field, subtler criteria are needed to ensure that the monodromy group is large. A result of Serre [Se] gives one such condition; when combined with the main results, it yields the Tate conjecture for U X (n, d) for certain curves of odd genus defined over number fields.
Notation. K will denote either C (case 1) or a field finitely generated over the prime field (case 2).K is the separable closure of K.
X is a smooth projective geometrically irreducible curve of genus g > 1 over K.
The symbols Y and Z will always stand for smooth projective varieties over K. U X (n, d) is the moduli space of semistable bundles on X of rank n and degree d. Suppose that H is a finite dimensional continuous Q l representation of Gal(K) (or a Galois module for short). Let RG gal (H) be the Zariski closure of the image of Gal (K) in GL (H) , and let G gal (H) be the Zariski closure of the image of Gal (K) in GL(H) × G m under the map corresponding to the Gal(K) action on H ⊕ Q l (1). Let SG gal (H) = ker [G gal (H) → G m ] under the natural projection. SG gal can be identified with a subgroup of RG gal (H) .
If H is a rational Hodge structure, let G MT (H) be the Mumford-Tate group [DM, I.3 ] of H; that is, the smallest Q-algebraic subgroup of GL(H) × G m whose real points contain the the image of the homomorphism C * → GL(H ⊗ R) × G m which defines the Hodge structure on H ⊕ Q(1). Let RG MT (H) be the smallest Q-algebraic subgroup of GL(H) containing the image of C * → GL(H ⊗ R) (I will call this restricted Mumford-Tate group) . From the Tannakian viewpoint, RG MT (H) (respectively G MT (H) ) is the algebraic group the category of rational representations of which is equivalent to the Tannakian category generated by H (respectively by H and Q(1)). 
Main Results
The key result is the following:
Suppose that Y is a smooth geometrically irreducible projective variety such that d = dim Y is odd and
) with respect to the cup product.
Then the Hodge (respectively Tate) conjecture holds for all powers of Y in case 1 ( respectively 2).
The characterization of Mumford-Tate groups [DM, p. 43] together with [D2, 7.5 ] (see also [Sc, ) yield: Lemma 1. Given a polarized integral variation of Hodge structure V over a smooth irreducible complex variety T , there exists a countable union of proper analytic subvarieties S ⊂ T such that RG(V t ) contains a finite index subgroup of
Remark 1. The complement of a countable union of proper analytic subvarieties is of course nonempty by the Baire category theorem. We refer to point of such a set as very general (following Kollár).
Corollary 1. Suppose that Z ⊆ P
N is an even dimensional complex smooth projective variety such that all the cohomology of Z is algebraic (in particular, the cohomology in odd degrees vanishes). If H is a sufficiently general hyperplane section of Z, then the Hodge conjecture holds for all powers of H.
Remark 2. The above hypothesis is fulfilled when Z admits an cell decomposition by affine spaces [F1, 19.1.11] as is the case for a generalized flag variety G/P , or when Z smooth projective toric variety [F2, 5.2 ].
The precise meaning of "sufficiently general" above is the following: For any Lefschetz pencil Y → P 1 of hyperplane sections of Z, such that H can be taken to be Y t for all but countably many t ∈ P 1 (C).
Proof. Let dimZ = d + 1. Conditions 1 and 2 of the theorem hold for any smooth hyperplane section by the weak Lefschetz theorem (i < d) and the hard Lefschetz theorem (i > d). Suppose that Y → P 1 is a Lefschetz pencil, and let U ⊂ P 1 be the complement of the set of critical values. Then for any smooth fiber
where E the subspace generated by vanishing cycles [K, 5.5] . Since orthogonal complement with respect to cup product E ⊥ = 0, and we can apply the Kazhdan-Margulis theorem [D3] to see that the image of the monodromy representation
) for any n. Then by lemma 1 there exists a countable set S such that if t / ∈ S then Y t satisfies the third condition.
A somewhat weaker analogue can be proven for even dimensional varieties.
Theorem 2. Suppose that Y is a smooth geometrically irreducible projective variety such that d = dim Y is even and
Then the Hodge (respectively Tate) conjecture holds for all powers Y n , with n < dim E in case 1 ( respectively 2).
Corollary 2. Suppose that Z ⊆ P N is an complex smooth projective variety such that all the cohomology of Z is algebraic and such that d = dimZ − 1 is even. Then there exists an integer n 0 and such that if H is a sufficiently general hypersurface section of Z of degree n ≥ n 0 , then the Hodge conjecture holds for all powers of
, where b d is the dth Betti number.
Remark 3. The upper bound on m is a polynomial in n.
Proof. The proof is very similar to that of corollary 1, we will just indicate the modifications. Suppose that Y → P 1 is a Lefschetz pencil of hypersurfaces of degree n, and let U ⊂ P 1 be the complement of the set of critical values. Then for any smooth fiber Y t , there is an orthogonal decomposition
⊕ E where E is the subspace generated by vanishing cycles [K, 5.5] . The monodromy representation π 1 (U, t) → GL(E) is dense in SO(E) for n greater than or equal to some n 0 > 0 by [V, thm B] . Then by lemma 1 there exists a countable set S such that if t / ∈ S then Y t satisfies the third condition, and the first two conditions are automatic. Remark 4. The semisimplicity hypothesis on H 1 (X) is known to hold when K is a finite field [T2] , a number field [Fa] , or a function field of characteristic > 2 and transcendence degree less than or equal to 3 [Z] .
From this theorem and theorem 1, we obtain:
, then the Hodge conjecture holds for M in case 1, or the Tate conjecture holds in case 2. Moreover in case 2, Gal(K) acts semisimply on H * (M ).
Corollary 4 (Biswas-Narasimhan [BN] ). If X is very general in the moduli space of curves, then the Hodge conjecture holds for M (as in the theorem).
Proof. Choose n ≥ 3 and let M g,n be the fine moduli space of smooth projective curves of genus g with level n structure [MF] . Let π : X → M g,n be the universal curve. Lemma 1 applied to R 1 π * Z shows that there exist a countable union of proper subvarieties S ′ ⊂ M g,n (C) such that a finite index subgroup of the monodromy group
is contained in the Mumford-Tate group of H 1 (X t ) for each t / ∈ S ′ . Let S be the image of S ′ in M g (C) . By Teichmuller theory, any finite index subgroup of Γ is seen to be Zariski dense in the symplectic group. Hence the Mumford-Tate group contains the symplectic group whenever t / ∈ S.
Corollary 5. If K is a number field, and g is either odd or equal to 2 or 6. Then the Tate conjecture holds for M , as above, provided that the endomorphism ring of the Jacobian of X ⊗K is Z. Furthermore, the Hodge conjecture holds for M ⊗ C for every embedding of K ֒→ C.
Proof. The first assertion follows from a theorem of Serre [Se, 2.28 ] (a complete proof for g odd can be found in [C, 6 .1]) that RG(H 1 et (X)) is the group of symplectic similitudes. For the second, one can combine this with a theorem of Borovoi [Bo] , Deligne and Piatetski-Shapiro [PS] (see also [Pa, p 474] A correspondence is an algebraic cycle on Y ×Z. Suppose that T is a codimension c correspondence which defines an element Proof. We will prove that the sequence splits and that W is semisimple by induction on the length of W . We may assume W = 0. Let W 1 ⊆ W be a minimal nonzero subobject, it is necessarily simple. Let V = ⊕ i∈I V i be a decomposition into simple objects. Let φ i be the composite of the inclusion W 1 → V and projection V → V i . φ i is either 0 or an isomorphism by Schur's lemma. Let J = {i ∈ I | φ i = 0} and let N be its cardinality. Then
gives a splitting V → W 1 . If the length of W is 1, then W = W 1 and we are done. Otherwise, let
i is the image of V i . By ordering I and eliminating V ′ i if it is zero or if it occurs as a V ′ j with j < i, we see that V is a direct sum of simple modules. Therefore by induction we can find a splitting ψ ′ : V ′ → W ′ and W ′ is semisimple. This implies that W is semisimple and moreover ψ + ψ ′ gives a splitting of W → V . V /W is a subobject of V because the sequence splits, consequently it is also semisimple.
Corollary 7. If 0 → W → V → V /W → 0 is an exact sequence of finite dimensional Galois modules such that V is semisimple, then V /W is also semisimple and Corollary 8. If H 1 (X) is semisimple as a Galois module then so is H * (X n ) for any n.
Proof. This follows from the lemma and Künneth's formula.
Let V be a finite dimensional vector space over a field of characteristic 0 with a nondegenerate alternating or symmetric bilinear form ψ. Let A = Sp(V, ψ) in case ψ is alternating, otherwise let A = SO (V, ψ) . The form induces an isomorphism V ∼ = V * as A modules. Therefore ψ can be regarded as a tensor in V ⊗ V which is invariant under the A. Thus ψ n = ψ ⊗ ψ ⊗ . . . ψ gives and A-invariant element of V ⊗2n . The symmetric group S N acts on V ⊗N by permuting factors, and this action commutes with the A action. Thus σψ n gives an A-invariant tensor for each permutation σ.
Lemma 6 ( Weyl). Suppose that n is nonnegative integer satisfying 2n + 1 < dim V when ψ is symmetric (no restrictions otherwise), then (V ⊗2n+1 )
A is spanned by {σψ n |σ ∈ S 2n }.
Proof. See [FH, F.13, F.15] Remark 5. The restriction is necessary when ψ is symmetric, because the determinant gives an additional SO(V ) invariant for V ⊗dim V .
Lemma 7. For each Hodge structure or Galois module H, and each pair of integers i, j, gv = χ j (g)v for each v ∈ Hom(Q, H ⊗i (j)) and g ∈ G(H), where χ : G(H) → G m is the character defined by the projection.
Proof. For the Mumford-Tate group, this is proved in [DM, p 43] . By construction, the character ρ :
Proof of Theorems 1 and 2. The proofs of both theorems will run mostly in parallel with occasional branching. In the case of theorem 2 we can assume that dim E > 1, otherwise the theorem is vacuous. Since E can be identified with H d (Y )/I, it carries a natural Hodge or Galois module structure.
If d is odd, let ψ denote the cup product form on V , and let A = Sp (V, ψ) . If d is even, let ψ denote the restriction of the cup product form to E, and let A = SO(E, ψ). By hypothesis RG(V ) contains A. Since A has no nontrivial characters (because its Lie algebra is simple), A ⊂ SG (V ) . Therefore by corollary 9, it follows that the Hodge or Tate cycles in V ⊗i (j) are A-invariant. Since E is irreducible and nontrivial, this proves theorem 2 for the first power Y 1 . We will show that the class ψ is represented by an algebraic cycle on Y × Y . In this paragraph we treat the case where d is odd. By Künneth's formula we have
products, we get correspondences c i1 (E) × . . . c in (E) on X n × M n . These can be pulled back along the diagonal map M ֒→ M n to get correspondences
which induce morphisms (as in corollary 6) H * (X n )(−(i 1 + . . . i n − n)) → H * +2(i1+...in−n) (M ).
be the sum of the C I maps as I = (i 1 , . . . i n ) varies over all finite sequences with i j ≤ i/2 and i j > 0. A theorem of Atiyah and Bott [AB, 9.11] implies that these morphisms are surjective when char K = 0. Beauville's proof [Be] of this theorem is characteristic free (provided of course etale cohomology is used) and it implies surjectivity in general. Therefore a Hodge cycle α ∈ H i (M ) can be lifted to a sum of Hodge cycles in H * (X * ) which are algebraic as the Hodge conjecture is assumed for X * . Therefore α must also be algebraic. In the case 2, H * (X * ) is semisimple and therefore H * (M ) is also semisimple and therefore Tate cycles on H * (M ) can be lifted to Tate cycle H * (X * ) which would be algebraic by hypothesis.
